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The following equations describe the current version of the “Social Planner” model in use.  The equations are expressed in discrete terms to reflect the nature of the data and programming.  The set-up reflects Paul Lau’s “Version B” where the social welfare function does not take population size into account, but the final steady state levels of capital and consumption are impacted by the rate of labor force growth at steady state.  The notation that follows indicates aggregate quantities as capital letters, quantities expressed per effective worker as lower-case letters with tildes (~) above, and quantities expressed per effective consumer as lower-case letters with nothing above.

Economy

The economy has a Cobb-Douglas production function with capital share ( where output Y(t) at time t is a function of capital K(t), labor L(t), and a labor-augmenting productivity factor A(t).  The labor force L(t) is the weighted sum of total population P(a,t) age a at time t, with the weights provided by the shape of the labor income curve ((a).  Total consumption is C(t), depreciation is (, and the rate of labor-augmenting technological change is g.  Aggregate totals and the equation for the change in capital are as follows:
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The aggregate quantities can be expressed per effective worker:
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We also use consumption expressed per effective consumer c(t), with the relationship between effective consumers and workers given by the support ratio SR(t):
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Role of the Social Planner

The social planner wants to choose c(t) to maximize the social welfare function V which is the time discounted sum of the time path of utility U(t) where ( is the rate of social time preference:
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The planner is constrained by equations (4) and (8) because consumption in an earlier period leaves less capital to produce output for later consumption.

Planner’s Choice in Steady State

We can find the planner’s choice of c(t) and therefore k(t) in steady state when demography is no longer changing by solving the Hamiltonian:
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Solving for the balanced growth path where consumption per effective consumer is no longer changing, we get the following relationship at steady state [THIS IS ALL FROM PAUL’S NOTES FOR VERSION B.  I LEFT OUT HOW WE GET FROM (13) TO (14).]:
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Equation (14) can be solved for k*.  This k* can be substituted in equation (8) which allows us to calculate c* in terms of k*:
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Note that while capital per effective worker and consumption per effective consumer are fixed in steady state, capital and consumption per worker and consumer are still growing at rate g.

Planner’s Choice to Get to Steady State

In the simulations run with this model, we begin with current populations in 2006 and project them forward, assuming a stable state is reached in 2300.  Equations (15) and (16) are the analytical solution for the planner’s choice of consumption and capital when the stable population is reached at steady state, so we know where the planner wants to be in year 2300.  For the path from 2006 to 2300, however, we must search for the planner’s choice numerically.  

A grid search finds c(t) to minimize a penalty function that takes into account social welfare, the distance to the desired steady state levels of c and k in 2400, and a penalty for consuming the entire capital stock before year 2400.  The target is year 2400 instead of year 2300 so that the system has a chance to equilibrate after the population becomes stable (see Auerbach & Kotlikoff, Dynamic Fiscal Policy).  The penalty function is as follows:
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where P1 and P2 are weights that determine the size of the “penalty” on c(t) paths that do not achieve the results.  The first term, multiplied by P1, is a penalty based on the distance from the achieved c(2400) and k(2400) to the planner’s choice c* and k* in steady state.  The second term, V, is social welfare, given a negative sign because the search tries to minimize the function.  The final term, multiplied by P2, is a penalty for a c(t) path that consumes all of the capital before it gets to year 2400.  If k(2400) is less than zero, the value of the term is P2, else it is zero.  This encourages the search routine to avoid paths that spend down capital.
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